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Abstract
We give a description of the category structure of the space of gener-
alized connections, an extension of the space of connections that plays
a central role in loop quantum gravity.
1 Introduction
A central object in loop quantum gravity [1, 2, 3] is the so-called kinematical
Hilbert space. This is the space where basic kinematical operators, as well
as quantum versions of the constraints of canonical general relativity, are
defined. The kinematical Hilbert space is an L2 space of functions on a
compact space A¯ [4, 5, 6], square integrable with respect to the Ashtekar-
Lewandowski measure [5]. Properties of the space A¯, known as the space of
generalized connections, therefore play an important role in loop quantum
gravity.
In this contribution we focus on one particular aspect of the space A¯. As
first pointed out by Baez [7], the proper framework to express the algebraic
properties of A¯ implicit in earlier formulations [6, 8, 9] uses the language of
category theory. Following previous works [10, 11], we present here a concise
description of the category structure of A¯. In section 2 we present the space
A¯ as a space of functors equipped with a natural topology. In section 3 we
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show how extensions of the group of gauge transformations and of the group
of diffeomorphisms fit within the category formulation of A¯.
2 Generalized connections
2.1 Groupoid of paths P
Let Σ be an analytic, connected and orientable d-dimensional manifold.
Let us consider the set C of all continuous, oriented and piecewise analytic
parametrized curves in Σ, i.e. maps
c : [0, t1] ∪ . . . ∪ [tn−1, 1]→ Σ
that are continuous in all the domain [0, 1], analytic in the closed intervals
[tk, tk+1] and such that the images c(]tk, tk+1[) of the open intervals ]tk, tk+1[
are submanifolds embedded in Σ. Maps s and r are defined, respectively,
by s(c) = c(0), r(c) = c(1).
Given two curves c1, c2 ∈ C such that s(c2) = r(c1), let c2c1 ∈ C denote
the natural composition given by
(c2c1)(t) =
{
c1(2t), for t ∈ [0, 1/2]
c2(2t− 1), for t ∈ [1/2, 1] .
Consider also the operation c 7→ c−1 given by c−1(t) = c(1 − t). The above
composition of parametrized curves is not truly associative, since the curves
(c3c2)c1 and c3(c2c1) are related by a reparametrization, i.e. by an orienta-
tion preserving piecewise analytic diffeomorphism [0, 1] → [0, 1]. Similarly,
the curve c−1 is not the inverse of the curve c. (We refer to compositions of
the form c−1c as retracings.)
To achieve a well defined associative composition, with inverse, one con-
siders the following equivalence relation: two curves c, c′ ∈ C are said to be
equivalent if s(c) = s(c′), r(c) = r(c′) and c and c′ coincide up to a finite
number of retracings and a reparametrization.
We denote the set of the above defined equivalence classes by P, and
refer to generic elements of P as paths p.
The set of paths P is then naturally equipped with a groupoid struc-
ture, as follows. The composition of paths is defined by the composition of
elements of C: if p, p′ ∈ P are such that r(p) = s(p′), one defines p′p as the
equivalence class of c′c, where c (resp. c′) belongs to the class p (p′). The
composition in P is now associative, since (c3c2)c1 and c3(c2c1) belong to
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the same equivalence class. The points of Σ play the role of objects in this
context. Points are in one to one correspondence with identity paths: given
x ∈ Σ, the corresponding identity 1x ∈ P is the equivalence class of c
−1c,
with c ∈ C such that s(c) = x. If p is the class of c then p−1 is the class of
c−1. It is clear that p−1p = 1s(p) and pp
−1 = 1r(p).
One, therefore, has a well defined groupoid, whose set of objects is Σ
and whose set of arrows is P. As usual, we will use the same notation, P,
both for the set of arrows and for the groupoid.
2.2 Set of functors Hom [P, G]
Let G be a (finite dimensional) connected and compact Lie group. Let
Hom [P, G] denote the set of functors from the groupoid P to the group
G, i.e. the set of maps A¯ : P → G such that A¯(p′p) = A¯(p′)A¯(p) and
A¯(p−1) = A¯(p)−1.
Let us show that the space A of smooth G-connections on any given
principal G-bundle over Σ is a subset of Hom [P, G]. We assume that a
fixed trivialization of the bundle has been chosen. Connections can then be
identified with local connection potentials.
The space of connections A is injectively mapped into Hom [P, G] through
the use of the parallel transport, or holonomy, functions. The holonomy de-
fined by a connection A ∈ A and a curve c ∈ C is denoted by hc(A). Using
the fixed trivialization, one can assume that holonomies hc(A) take values
on the group G. The following properties of holonomies hold: i) hc(A) is
invariant under reparametrizations of c; ii) hc1c2(A) = hc1(A)hc2(A) and
iii) hc−1(A) = hc(A)
−1. One thus conclude that hc(A) depends only on the
equivalence class of c, i.e., for fixed A ∈ A, hc(A) defines a function on P,
with values on G. This function is, moreover, a functor, by ii). Summariz-
ing, we have a map A → Hom [P, G]:
A 7→ A¯A, A¯A(p) := hp(A), ∀p ∈ P. (1)
That this map is injective is guaranteed by the fact that the set of holonomy
functions {hc, c ∈ C} separates points in A [12], i.e. given A 6= A
′ one can
find c ∈ C such that hc(A) 6= hc(A
′).
The set Hom [P, G] is, however, much larger than A. To begin with,
depending on Σ and G, different bundles may exist, and Hom [P, G] con-
tains the space of connections of all these bundles. Moreover, elements of
Hom [P, G] that do not correspond to any smooth connection do exist [4, 5].
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2.3 Topology
A natural topology in Hom [P, G] can be introduced in several equivalent
ways. The one more closely related to well known methods in quantum field
theory uses the projective structure of Hom [P, G] [5, 13, 14]. We follow a
different, more direct, approach.
Let us consider the set of all maps from P to G, identified with the prod-
uct space ×p∈PG. The product space is compact Hausdorff when equipped
with the Tychonov topology. We thus let the topology on Hom [P, G] ⊂
×p∈PG be the subspace topology. It is clear that Hom [P, G] then becomes
a compact Hausdorff space: the Hausdorff property is inherited from ×p∈PG,
and from the fact that Hom [P, G] contains only functors follows easily that
it is a closed set, therefore compact.
A more explicit characterization of the topology on Hom [P, G] is the
following: it is the weakest topology such that all maps
pip : Hom [P, G] → G, A¯ 7→ A¯(p), (2)
are continuous, ∀p ∈ P. The thus obtained compact Hausdorff space is the
so-called space of generalized connections, usually denoted by A¯.
3 Generalized gauge transformations and diffeo-
morphisms
Two groups act naturally and continuously on A¯. One is the group of
natural transformations of the set of functors Hom[P, G] ≡ A¯. This group
is well understood, and is widely accepted as the generalization of the group
G = C∞(Σ, G) of smooth local gauge transformations. The second group of
interest is the group Aut(P) of automorphisms of the groupoid P. It contains
the group Diffω(Σ) of analytic diffeomorphisms as a subgroup. Although
extensions of Diffω(Σ) are welcome in applications of the current formalism
to quantum gravity, the potencial role of the group Aut(P), or subgroups
thereof, is still not clear.
We begin by discussing the group of natural transformations of A¯. In
this case, natural transformations form the group, denoted by G¯, of all maps
g : Σ → G, under pointwise multiplication. The action of G¯ on A¯ can be
written as A¯ × G¯ ∋ (A¯, g) 7→ A¯g such that
A¯g(p) = g(r(p))A¯(p)g(s(p))
−1. (3)
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This action is readily seen to be continuous. In fact, since the topology on
A¯ is the weakest such that all maps pip (2) are continuous, one can conclude
that a map ϕ : A¯ → A¯ is continuous if and only if the maps pip ◦ ϕ are
continuous ∀p, which is the case for elements of G¯.
Expression (3) is a generalization of the action of smooth gauge trans-
formations on the set of parallel transport functions hp(A) for smooth con-
nections. It is therefore natural to accept G¯ as the generalized group of
gauge transformations on A¯. This extension of the gauge group is in fact
required: since A¯ now contains arbitrary functors from P to G, to mod
out only by smooth gauge transformations would leave spurious degrees of
freedom untouched [6, 8, 10].
Let us now turn to the group Aut(P) of automorphisms of the groupoid
P. By definition, an automorphism of P is an invertible functor from P
to itself. An element F ∈ Aut(P) is therefore characterized by a bijection
of Σ and a composition preserving bijection on the set of paths, such that
F (1x) = 1F (x), ∀x ∈ Σ. The action of Aut(P) on A¯ is given by
A¯ 7→ FA¯ : FA¯(p) = A¯(F−1p), ∀p ∈ P, F ∈ Aut(P). (4)
The continuity of this action is clear, since pip ◦ F = piF−1p.
The group Aut(P) contains as a subgroup the natural representation
of the group Diffω(Σ) of analytic diffeomorphisms of Σ, whose action on
curves factors through the equivalence relation that defines P. The group
Aut(P) therefore emerges, in the current context, as the largest possible
extension of Diffω(Σ). Extensions of Diffω(Σ) are welcome in applications
to quantum gravity. In fact, the very formalism suggests some sort of exten-
sion of Diffω(Σ). Like in the above mentioned replacement of the classical
gauge group G by G¯, such extension is not fully motivated from the classical
perspective, but it is, nevertheless, likely to be required for an appropriate
implementation of diffeomorphism invariance, once A is replaced by A¯.
Several subgroups of Aut(P) have been proposed so far as candidates to
an appropriate extension of Diffω(Σ). One such extension, including home-
omorphisms of Σ of class Cn, appears in a recent report by Ashtekar and
Lewandowski [1]. Another recent proposal is due to Fleischhack [15], who
considers the so-called stratified analytic diffeomorphisms. Previous ap-
proaches allowed for stronger deviation from classical smoothness (on lower
dimensional subsets of Σ only), like e.g. in Zapata’s [16] proposal of re-
placing Diffω(Σ) by the group of piecewise analytic diffeomorphisms. (See
also [2, 17] for related work, in the framework of piecewise smooth curves.)
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